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The Bernard-LeClair (BL) symmetry classes generalize the ten-fold way classes in the absence
of Hermiticity. Within the BL scheme, time-reversal and particle-hole come in two flavors, and
“pseudo-Hermiticity” generalizes Hermiticity. We propose that these symmetries are relevant for
the topological classification of non-Hermitian single-particle Hamiltonians and Hermitian bosonic
Bogoliubov-de Gennes (BdG) models. We show that the spectrum of any Hermitian bosonic BdG
Hamiltonian is found by solving for the eigenvalues of a non-Hermitian matrix which belongs to
one of the BL classes. We therefore suggest that bosonic BdG Hamiltonians inherit the topological
properties of a non-Hermitian symmetry class and explore the consequences by studying symmetry-
protected edge instabilities in a simple 1D system.
I. INTRODUCTION
Topological phase transitions were first discovered in
gapped fermionic systems, described by quantum Hamil-
tonians which are necessarily Hermitian operators [1, 2].
More recent developments have revealed that topolog-
ical transitions are ubiquitous and extend well beyond
the world of closed fermionic models. Photonic crys-
tals [3–5], classical plasmonic chains [6, 7], and lasers
[8, 9] exhibit hallmark characteristics of topology: ro-
bust edge modes, quantized physical observables, bulk
invariants. Often these systems can be described via a
non-Hermitian Hamiltonian, with the real and imaginary
parts of the eigenvalues related to the frequency and de-
cay rate of the modes. Additionally, recent proposals
suggest that such Hamiltonians can be used to model
the finite lifetime of quasiparticles in closed fermionic sys-
tems with disorder and/or interactions [10]. A growing
body of literature has thus been dedicated to the study of
topological phase transitions in the absence of Hermitic-
ity [11–19].
Quadratic fermion Hamiltonians can be sorted into
ten classes [20] which are based on three symmetries:
time-reversal, particle-hole, and chiral. These ten classes
form the basis of the periodic table of topological in-
sulators/superconductors which guarantees a topologi-
cal or trivial classification for each class in a given di-
mension, known as the ten-fold way [21]. A similar
symmetry-based framework which encapsulates all non-
Hermitian models is currently lacking. In this work we
begin to make progress in this direction by highlighting a
set of symmetry classes which were originally introduced
by Bernard and LeClair (BL) as non-Hermitian gener-
alizations of the ten Altland-Zirnbauer random matrix
classes [22]. An important work by Esaki et al [23] found
that these symmetries are very relevant when discussing
topological transitions, since they include uniquely non-
Hermitian relationships which protect edge modes.
Surprisingly, the BL classes are also relevant for Her-
mitian bosonic models. While topological fermionic
BdG models (i.e. superconductors) are fully understood
within the ten-fold way, no such classification exists for
bosonic BdG models yet. Hermitian bosonic BdG models
are diagonalized via a symplectic (non-unitary) transfor-
mation. We show that the resulting spectrum is equiva-
lent to the eigenvalues of a non-Hermitian matrix and,
moreover, that this matrix belongs to one of the BL
classes. Remarkably, it is thus useful to consider non-
Hermitian random matrix classes when discussing Hermi-
tian bosonic BdG models. While typical equilibrium se-
tups have a spectrum which is fully real [24], modes with
“imaginary energies” can arise as dynamical instabilities
of a quenched bosonic system [25–29]. We demonstrate
this explicitly by studying a 1D bosonic Su-Schrieffer-
Heeger (SSH) model [28, 30] and examining the robust-
ness of symmetry-protected edge instabilities. The BL
framework will thus allow us to discuss non-Hermitian
single-particle models and topological bosonic BdGs in
the same language. Our analysis thus provides a link
between the study of general non-Hermitian topological
transitions and topological bosons.
II. MOTIVATION TO EXPAND THE TEN-FOLD
WAY
We briefly review the ten Hermitian symmetry classes
[20] before motivating the need to consider alternative
symmetries when discussing topological transitions in
non-Hermitian models. Consider a matrix H which
represents a first quantized Hamiltonian, e.g. H =∑
i,j Hi,jc
†
i cj . For any H we can check for the presence
of the following symmetries:
H = xH∗x†, xx∗ = ±I (1)
H = −yH∗y†, yy∗ = ±I (2)
H = −zHz†, z2 = I (3)
which are known as time-reversal, particle-hole, and chi-
ral symmetry respectively. One can construct ten unique
classes based on the presence or absence of these sym-
metries. These ten classes are of paramount importance
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2since it has been shown that each symmetry class can ei-
ther possess Z,Z2, or 0 topologically distinct phases in a
given dimension d for Hermitian, non-interacting models
[21]. How much of this analysis survives the breaking of
Hermiticity?
Consider the dissipative bipartite quantum-walk model
in 1D:
Hqw = v
m∑
i=1
(
c†A,icB,i + h.c.
)
+ w
m−1∑
i=1
(
c†B,icA,i+1 + h.c.
)
− iu
m∑
i=1
c†B,icB,i (4)
where u, v, w ∈ R and cA/B,i represents an annihila-
tion operator on lattice site i in sublattice site A/B.
[31]. Physically, this represents a standard SSH model
with dissipation on one of the sublattice sites only, and
has been realized in an optical setting [32]. The first-
quantized Hamiltonian matrix Hqw does not have time-
reversal, particle-hole, or chiral symmetry and therefore
belongs to class A. The Hermitian ten-fold way anal-
ysis would suggest that this model ought to be trivial
in 1D. However, Esaki et al [23] found that this model
hosts strongly protected edge modes [33]. While chiral
symmetry is broken, edge modes are protected by an in-
herently non-Hermitian relationship: Hqw = −τzH†qwτz,
τz = IN ⊗ σz, (σi represents Pauli matrices) which con-
strains edge mode energies via Eedge = −E∗edge. Any (gap
preserving) disorder entering the Hamiltonian which re-
spects this relationship will ensure that edge modes will
have exactly zero real energy, Re[Eedge] = 0 (though their
imaginary energy can be arbitrary). This implies that
non-Hermitian models can possess edge-mode-protecting
symmetries which are not included in the ten-fold way.
Classifying symmetries should be sensitive to more gen-
eral relationships between H and H†.
A recent study has analytically derived the topologi-
cal periodic table of the ten-fold way in the absence of
Hermiticity [12]. An interesting prediction of this work
is that all ten classes are topological in 1D, while all are
trivial in 2D. This analysis again suggests that symme-
tries beyond the ten-fold way ought to be taken into ac-
count to potentially achieve distinguishability between
topological and trivial phases in 1D and 2D.
Guided by this intuition, in the next section we identify
a more comprehensive classification (at the cost of more
symmetry classes) for non-Hermitian models.
III. BERNARD-LeCLAIR SYMMETRY
CLASSES
We describe the symmetries which define the BL
classes [22]. Any first-quantized Hamiltonian matrix H
will be sorted based on the presence or absence of the
following relations:
H = −pHp†, p2 = I (5)
H = ccH
T c†, cc∗ = ±I (6)
H = kkH
∗k†, kk∗ = ±I (7)
H = qqH
†q†, q2 = I (8)
where c,q,k = ±1 and I is the identity. We mandate
that the symmetries commute and are of order two (i.e.
each symmetry operation squares to the identity) which
implies the constraints on the right. We label these sym-
metries as P,C,K,Q respectively.
The physical motivation to consider these relationships
is as follows. The P symmetry is standard chiral symme-
try. The C,K symmetries can be viewed as two distinct
flavors of particle-hole ( = −1) or time-reversal ( =
+1). This is because in the Hermitian case HT = H∗
however HT differs from H∗ in the non-Hermitian case.
Therefore the C,P symmetries along with Hermiticity
exhaust the standard ten-fold way. In addition, we will
consider Q symmetry (or “pseudo-Hermiticity”) which
generalizes Hermiticity.
BL found that these four relations result in 43 distinct
symmetry classes which may be viewed as non-Hermitian
generalizations of the ten-fold way classes. For details we
refer to Refs. [22, 34].
Having introduced these relationships and discussed
some of their basic properties, we will now show that
any bosonic BdG equation will possess a Q and a K
symmetry by construction. The BL classification thus
provides us with a unified framework to discuss both
non-Hermitian single-particle Hamiltonians and Hermi-
tian bosonic BdG models simultaneously.
IV. PSEUDO-HERMITICITY IN THE
GENERAL BOSONIC BdG EQUATION
We demonstrate that the spectrum of every Hermitian
bosonic BdG Hamiltonian is equivalent to the eigenvalues
of a non-Hermitian matrix. We then sort this matrix into
one of the BL classes.
Let us consider a Hermitian 2N × 2N bosonic BdG
Hamiltonian
H = b†H˜b, b =
(
b1, . . . , bN , b
†
1, . . . , b
†
N
)T
(9)
where b are bosonic operators and
H˜ =
(
B A
A∗ BT
)
(10)
represents the most general form where B = B†, A =
AT , H˜ = H˜†. We define the transformation
b = Tβ, b† = β†T †, T =
(
U V
V ∗ U∗
)
(11)
3such that
H = β†ΣzΛβ (12)
where Σz = σz⊗IN and Λ is a diagonal matrix. If we im-
pose bosonic commutation relations on the quasiparticles
β then the transformation T must obey
TΣzT
† = Σz ⇒ T−1 = ΣzT †Σz (13)
which implies T is symplectic (i.e. non-unitary). In ad-
dition, T needs to diagonalize the Hamiltonian
T †H˜T = ΣzΛ⇒ H˜T =
(
T †
)−1
ΣzΛ = ΣzTΛ. (14)
Multiplying by Σz on the left leads to
ΣzH˜T = TΛ (15)
which implies that the eigenvalues of HBdG ≡ ΣzH˜ will
determine the spectrum of the system, and the right-
eigenvectors will determine the transformation matrix T .
We refer to (15) as the bosonic BdG equation, and point
out two symmetries built into HBdG:
HBdG = ΣzH
†
BdGΣz (16)
HBdG = −ΣxH∗BdGΣx (17)
corresponding to a Q symmetry with q = +1 (pseudo-
Hermiticity) and a K symmetry with k = −1, kk∗ = I
(particle-hole) [27]. This class is also defined by: q =
−kq∗k† from the commutation condition, where the mi-
nus sign distinguishes it from the Hermitian class D. Thus
while the Hamiltonian (9) is Hermitian, the spectrum is
equivalent to the eigenvalues of a non-Hermitian matrix.
Note that this analysis does not apply to fermionic
BdG models (i.e. superconductors). These are diagonal-
ized by a unitary transformation such that the fermionic
BdG equation is particle-hole symmetric and Hermitian:
q = +1, q = I, q = +kq∗k†, representing class D [20].
The non-Hermiticity of HBdG suggests that imaginary
modes can appear which are populated exponentially
fast in time (also known as dynamically-unstable modes).
Physically, these modes can arise if bosons condense in a
state which does not minimize the mean-field energy of
the evolving Hamiltonian, such as after a quench proto-
col. The system proceeds to rapidly depopulate the con-
densate into one of the unstable modes, which has been
observed experimentally in cold atoms [25]. This conden-
sate depletion mechanism is absent from fermionic BdG
models. This is the physical reason why bosonic and
fermionic BdGs belong to separate symmetry classes.
V. A BOSONIC-SSH MODEL
Up to now our discussion has been general. To explic-
itly show the effects of non-Hermiticity in the bosonic
BdG equation, we will study the simplest 1D model
which undergoes a topological transition and observe
symmetry-protected edge instabilities.
Consider the Hamiltonian
Hb = v
n∑
i=1
(
b†A,ibB,i + h.c.
)
+w
n−1∑
i=1
(
b†B,ibA,i+1 + h.c.
)
+
n∑
i=1
[u (bA,ibA,i + bB,ibB,i) + h.c.] (18)
where v, w ∈ R, u ∈ C, and bA/B,i represents a bosonic
operator on lattice site i in sublattice site A/B. This
Hamiltonian was proposed in Ref. [28] to describe 1D
bosons initially prepared in a higher-energy band then
allowed to evolve. Note that the Hamiltonian Hb is Her-
mitian, however (due to the arguments in the previous
section) the matrix which we need to diagonalize in order
to obtain the spectrum (HBdG) is non-Hermitian. Within
the BL framework, if u ∈ C then the only two relevant
symmetries of the model are given in Eqs. (16) and (17),
namely a Q and a K symmetry.
The spectrum with open boundary conditions is given
in Fig. 1 as a function of w/v at a constant value of
u/v. The bulk spectrum is purely real and gapped for
parameters |w− v| > |u|, however away from this regime
some bulk modes start to become unstable and come in
complex conjugate pairs. This is known as a broken-to-
unbroken transition, discussed in the Appendix.
Of particular interest are the edge modes (given in
red), which have a purely imaginary energy. Each edge
hosts two modes: one with energy +i|u| and one with
−i|u|. Edge modes are particle-hole symmetric: tedge,+ ∝
Σxt
∗
edge,+ which suggests that Eedge,+ = −E∗edge,+ where
tedge,+ represents an eigenstate of HBdG on an edge with
energy Eedge,+ = +i|u|. Thus because the mode on the
edge is its own particle-hole symmetric partner, its en-
ergy must be purely imaginary. The stability of these
edge modes will be discussed in the next section.
Since we have found that edge modes are particle-hole
symmetric, one may wonder whether edge excitations
are inherently non-local, in analogy with Majorana ex-
citations in a Kitaev chain [35]. This interpretation is
blurred when discussing the aforementioned model, since
the Hamiltonian (18) cannot be brought to fully diagonal
FIG. 1. Bosonic-SSH post-quench spectrum with u/v =
0.3 exp(ipi/5), n = 100. Edge modes given in red.
4form in terms of bosonic quasiparticles when associated
energies are imaginary. This is because complex modes
are generically non-normalizable, i.e. t†edge,+Σztedge,+ =
0 [27, 36] which implies that the Bogoliubov transfor-
mation (13) cannot be satisfied. There is no constraint
for edge excitations to be represented as non-self-adjoint
bosonic quasiparticles. While the Hamiltonian is not
diagonalizable via bosons, the imaginary eigenvalues of
HBdG still have physical meaning: the Heisenberg equa-
tions of motion reveal exponential increase in edge site
population as a function of time [28].
VI. ROBUSTNESS OF BOSONIC-SSH EDGE
MODES
We return to the question of the robustness of edge
modes in the bosonic-SSH model via an adiabatic argu-
ment. A few subtleties arise due to the non-Hermiticity
of HBdG. We begin by considering a parameter regime
where all the bulk modes are fully real and gapped,
and we restrict our attention to the left edge for con-
creteness. First, recall that the this edge hosts two
right-eigenvectors of HBdG: t± with associated energies
E± = ±i|u| respectively. These modes are particle-hole
symmetric, satisfying t± ∝ Σxt∗± which constrains ener-
gies via E± = −E∗±. For Hermitian models, this condi-
tion results in the modes having exactly zero energy e.g.
Majorana modes in the Kitaev chain [35]; however, in
non-Hermitian models this constrains energies according
to Re[E±] = 0 which implies that the imaginary energy
can be non-zero. Crucially, these modes cannot couple to
bulk modes as long as there is a gap in real energy and
hence edge energies are pinned to be purely imaginary.
Can edge modes with Re[E±] = 0 be adiabatically re-
moved without closing the real energy bulk band gap?
The answer is no, as long as symmetries are respected
and HBdG remains diagonalizable during the deforma-
tion process. In principle, the two modes with ener-
gies ±iu can become deformed to degeneracy at zero en-
ergy, allowing the associated eigenvectors to couple via
t1,2 = t+ ± it− such that the resulting modes t1,2 are
not particle-hole symmetric [37]. However this process
necessarily involves passing through an exceptional point
since edge modes undergo a broken-to-unbroken transi-
tion at the degeneracy point (see Appendix) where HBdG
becomes non-diagonalizable. This suggests that the di-
agonalizability of HBdG is important in the definition of
a topological phase transition–a restriction which does
not arise for Hermitian models and makes the physical
protection weaker.
VII. DISCUSSION AND CONCLUSIONS
In this work, we have emphasized the need to go be-
yond the ten-fold way symmetry classes in order to gener-
alize our understanding of symmetry-protected topolog-
ical phase transitions. Our main motivation came from
the dissipative bipartite quantum-walk model, where chi-
ral symmetry is broken while edge modes are protected
by a uniquely non-Hermitian relationship. This led us to
consider four symmetry relations originally proposed by
BL [22]. While these classes are naturally relevant for
non-Hermitian single-particle Hamiltonians [23], we have
argued that they are also useful for Hermitian bosonic
BdG models. These BdGs are diagonalized via a non-
unitary transformation such that their spectrum is equiv-
alent to the eigenvalues of a non-Hermitian matrix which
belongs to one of the BL classes. We have studied a 1D
bosonic model and commented on the robustness of edge
instabilities.
An open task remains to fully classify all bosonic BdG
models [38]. Do bosonic BdGs inherit the same classifica-
tion as their fermionic counterparts? We have noted that
while both possess a particle-hole symmetry, the bosonic
models are pseudo-Hermitian which will effect their clas-
sification. This should have implications for magnonic
models [39–42], photonic systems [43–45], in addition to
ultracold atoms [28, 29], both with and without dynam-
ical instabilities.
A more ambitious next step involves constructing a
“periodic table” from the 43 distinct non-Hermitian BL
classes. We note that the BL classes can distinguish topo-
logical from trivial models in any dimension since they
include the original ten Hermitian classes.
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Appendix A: Consequences of pseudo-Hermiticity
In this Appendix we discuss consequences of pseudo-
Hermiticity since the spectrum of a bosonic BdG Hamil-
tonian is generically found by diagonalizing a pseudo-
Hermitian matrix. This relation additionally plays an
important role in formulations of non-Hermitian quan-
tum mechanics [46]. Hermiticity ensures that all eigen-
values are real and right/left-eigenvectors are equiva-
lent. A pseudo-Hermitian matrix is defined by the rela-
tion: H = qH†q−1. Each eigenvalue of a non-Hermitian
Hamiltonian has an associated right and left eigenvector,
written as:
Hψn = Enψn (A1)
H†λn = E∗nλn. (A2)
Assuming pseudo-Hermiticity, if λn = q
−1ψn, then we
are guaranteed En ∈ R. Alternatively, if λn′ = q−1ψn
5then En = E
∗
n′ . So we find that eigenvalues are either
purely real or come in conjugate pairs.
Suppose a pseudo-Hermitian Hamiltonian H(α) is pa-
rameterized by some value α such that all its eigenvalues
are non-degenerate and real when α = 0. In order for
complex modes to appear as we tune α, two real eigen-
values must “coalesce” (i.e. become degenerate) at αc
such that a complex conjugate pair forms adiabatically.
The degeneracy point αc is known as an exceptional point
where the Hamiltonian is non-diagonalizable. This is also
called a broken-to-unbroken transition point. It is easy
to show that bulk modes undergo a broken-to-unbroken
transition as a function of quasi-momentum k for the
parameter values |w − v| < |u| for the bosonic-SSH. Ad-
ditionally, pairs of modes on a given edge with energy
E± = ±i|u| can be deformed to have real energies via a
broken-to-unbroken transition.
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